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Lesson	Objectives	Demonstrate	an	understanding	of	how	to	solve	a	linear	system	using	eliminationLearn	the	basic	definition	of	a	matrixLearn	how	to	set	up	an	augmented	matrixLearn	how	to	place	a	matrix	in	row	echelon	formLearn	how	to	place	a	matrix	in	reduced-row	echelon	form	The	Gaussian	Elimination	Method	is	a	systematic	procedure	used	to
solve	systems	of	linear	equations	by	transforming	the	system's	matrix	into	a	row	echelon	form	through	elementary	row	operations.	This	method	simplifies	finding	solutions,	identifying	inconsistencies,	and	determining	if	a	system	has	a	unique,	infinite,	or	no	solution.	Get	Homework	Help	Neetesh	Kumar	|	September	23,	2024
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Elimination	Method	is	one	of	the	most	important	techniques	in	linear	algebra	used	to	solve	systems	of	linear	equations.	Developed	by	the	German	mathematician	Carl	Friedrich	Gauss,	this	method	systematically	transforms	a	matrix	into	a	simpler	form	to	find	the	solutions	of	a	system	of	equations.	This	method	is	widely	used	in	various	fields	like
engineering,	physics,	and	computer	science,	making	it	an	essential	tool	for	anyone	involved	in	mathematical	computations.	2.	What	is	Gaussian	Elimination	Method:	The	Gaussian	Elimination	Method	is	a	process	for	solving	systems	of	linear	equations	by	converting	a	system	into	a	row-echelon	form	using	elementary	row	operations.	The	key	idea	is	to
simplify	the	system	of	equations	step	by	step,	reducing	it	to	a	form	where	the	solution	can	be	easily	obtained	through	back-substitution.	In	this	method,	the	matrix	of	coefficients	of	the	system	is	transformed	into	an	upper	triangular	matrix	(or	row	echelon	form),	where	all	elements	below	the	main	diagonal	are	zeroes.	Once	this	is	achieved,	you	can
easily	solve	for	the	variables	by	starting	with	the	last	equation	and	substituting	back	into	the	previous	equations.	3.	How	to	use	the	Gaussian	Elimination	Method:	The	process	of	solving	a	system	of	equations	using	Gaussian	Elimination	involves	the	following	steps:	Form	the	Augmented	Matrix:	Convert	the	system	of	linear	equations	into	an	augmented
matrix,	where	the	coefficients	and	constants	are	represented	in	matrix	form.	Apply	Elementary	Row	Operations:	Use	the	following	operations	to	transform	the	augmented	matrix	into	row	echelon	form:	Swap	rows:	Interchanging	two	rows	of	the	matrix.	Multiply	a	row	by	a	non-zero	scalar:	This	operation	maintains	the	equality	of	the	equation.	Add	or
subtract	a	multiple	of	one	row	to/from	another	row:	Used	to	create	zeros	below	the	pivot	elements.	Transform	to	Row	Echelon	Form:	Continue	performing	row	operations	until	the	matrix	is	in	upper	triangular	form	(or	row	echelon	form).	Back	Substitution:	Once	in	row	echelon	form,	solve	for	the	variables	starting	with	the	last	row	(which	should	have
one	variable)	and	substitute	upwards.	4.	Rules	for	Gaussian	Elimination	Method:	Certain	rules	need	to	be	followed	to	ensure	that	the	Gaussian	Elimination	method	works	correctly:	No	Dividing	by	Zero:	Avoid	dividing	by	zero	during	row	operations.	If	a	pivot	element	is	zero,	swap	rows	to	place	a	non-zero	element	as	the	pivot.	Row	Operations	Should
Maintain	the	System’s	Integrity:	The	three	elementary	row	operations	(row	swapping,	multiplying	by	a	scalar,	adding/subtracting	multiples	of	rows)	must	be	used	to	maintain	the	system's	equality.	Simplify	to	Row	Echelon	Form:	The	ultimate	goal	is	to	simplify	the	augmented	matrix	into	row	echelon	form,	where	the	pivot	elements	(leading	non-zero	in
each	row)	are	1,	and	all	elements	below	the	pivot	are	zeroes.	5.	Properties	of	Gaussian	Elimination	Method:	The	Gaussian	Elimination	method	has	several	important	properties	that	make	it	useful:	Direct	Solution	Method:	It	provides	an	exact	solution	to	systems	of	linear	equations,	provided	the	system	has	a	unique	solution.	Works	for	Consistent	and
Inconsistent	Systems:	Gaussian	Elimination	can	identify	whether	a	system	of	equations	is	consistent	(has	solutions)	or	inconsistent	(no	solution).	Can	Handle	Infinite	Solutions:	If	a	system	has	infinitely	many	solutions,	the	method	can	help	express	the	solution	parametrically.	Transforms	to	Upper	Triangular	Matrix:	The	method	always	transforms	the
matrix	into	an	upper	triangular	matrix	or	row	echelon	form,	making	it	easy	to	apply	back	substitution.	Not	Limited	to	Square	Matrices:	It	can	be	applied	to	both	square	and	non-square	matrices.	6.	Gaussian	Elimination	Method	Solved	Examples:	Question:	1	Solving	a	System	of	2{2}2	Equations	with	2{2}2	Variables	Solve	the	system:
	x2y=33x4y=7\space	\begin{aligned}	x	2y	=	3	\\	3x	4y	=	7	\end{aligned}	x2y=33x4y=7​	Solution:	Step	1:	Set	up	the	augmented	matrix		[123347]	\space	\begin{bmatrix}	1	&	2	&	3	\\	3	&	4	&	7	\end{bmatrix}	[13​24​37​]	Step	2:	Eliminate	the	x{x}x-term	from	the	second	row	Subtract	3{3}3	times	the	first	row	from	the	second	row	to	eliminate	the	x{x}x-
term:	R2=R2−3R1	⇒[1230−2−2]\quad{R_2	=	R_2	-	3R_1	\space	\rArr}	\begin{bmatrix}	1	&	2	&	3	\\	0	&	-2	&	-2	\end{bmatrix}R2​=R2​−3R1​	⇒[10​2−2​3−2​]	Step	3:	Solve	for	y{y}y	Divide	the	second	row	by	−2{-2}−2	to	simplify:		R2=R2−2	⇒[123011]{\space	R_2	=	\dfrac{R_2}{-2}	\space	\rArr	\begin{bmatrix}	1	&	2	&	3	\\	0	&	1	&	1
\end{bmatrix}}	R2​=−2R2​​	⇒[10​21​31​]	Now,	the	second	row	tells	us:		y=1\space{y=1}	y=1	Step	4:	Substitute	y=1{y=1}y=1	into	the	first	row	to	solve	for	x{x}x	x2(1)=3	⇒	x2=3	⇒	x=1\quad{x	2(1)=3	\space	\rArr	\space	x	2=3	\space	\rArr	\space	x=1}x2(1)=3	⇒	x2=3	⇒	x=1	The	solution	is:		x=1,	y=1\space{x=1,	\space	y=1}	x=1,	y=1	Question:	2
Solving	a	System	of	2{2}2	Equations	with	2{2}2	Variables	Solve	the	system:		2x3y=8x−y=1	\space	\begin{aligned}	2x	3y	=	8	\\	x	-	y	=	1	\end{aligned}	2x3y=8x−y=1​	Solution:	Step	1:	Set	up	the	augmented	matrix		[2381−11]	\space	\begin{bmatrix}	2	&	3	&	8	\\	1	&	-1	&	1	\end{bmatrix}	[21​3−1​81​]	Step	2:	Eliminate	the	x{x}x-term	from	the	second
row	Subtract	12{\frac{1}{2}}21​	times	the	first	row	from	the	second	row:		R2=R2−12R1	⇒[2380−52−3]\space{R_2	=	R_2	-\dfrac{1}{2}	R_1	\space	\rArr}	\begin{bmatrix}	2	&	3	&	8	\\	0	&	-\frac{5}{2}	&	-3	\end{bmatrix}	R2​=R2​−21​R1​	⇒[20​3−25​​8−3​]	Step	3:	Solve	for	y{y}y	Multiply	the	second	row	by	−25{-\frac{2}{5}}−52​	to	simplify:
	R2=R2−52	⇒[2380165]{\space	R_2	=	\dfrac{R_2}{-\frac{5}{2}}	\space	\rArr	\begin{bmatrix}	2	&	3	&	8	\\	0	&	1	&	\frac{6}{5}	\end{bmatrix}}	R2​=−25​R2​​	⇒[20​31​856​​]	Now,	the	second	row	tells	us:		y=65\space{y=\dfrac{6}{5}}	y=56​	Step	4:	Substitute	y=65{y=\frac{6}{5}}y=56​	into	the	first	row	to	solve	for	x{x}x		2x3(65)=8	⇒	2x185=8{\space
2x	3	\left(	\dfrac{6}{5}	\right)	=	8	\space	\rArr	\space	2x	\dfrac{18}{5}	=	8}	2x3(56​)=8	⇒	2x518​=8	Multiply	by	5{5}5:		10x18=40	⇒	10x=22	⇒	x=115\space{10x	18=40	\space	\rArr	\space	10x=22	\space	\rArr	\space	x=\dfrac{11}{5}}	10x18=40	⇒	10x=22	⇒	x=511​	The	solution	is:		x=115,	y=65\space{x=\dfrac{11}{5},	\space	y=\dfrac{6}
{5}}	x=511​,	y=56​	Question:	3	Solving	a	Consistent	System	of	3{3}3	Variables	Solve	the	system:		xyz=92x3yz=16x2y3z=14	\space\begin{aligned}	x	y	z	=	9	\\	2x	3y	z	=	16	\\	x	2y	3z	=	14	\end{aligned}	xyz=92x3yz=16x2y3z=14​	Solution:	Step	1:	Set	up	the	augmented	matrix		[11192311612314]\space	\begin{bmatrix}	1	&	1	&	1	&	9	\\	2	&	3	&	1	&	16
\\	1	&	2	&	3	&	14	\end{bmatrix}	​121​132​113​91614​​	Step	2:	Eliminate	the	x{x}x	-terms	from	the	second	and	third	rows	Subtract	2{2}2	times	the	first	row	from	the	second	row:		R2=R2−2R1	⇒[111901−1−212314]{\space	R_2	=	R_2	-	2R_1	\space	\rArr	\begin{bmatrix}	1	&	1	&	1	&	9	\\	0	&	1	&	-1	&	-2	\\	1	&	2	&	3	&	14	\end{bmatrix}}	R2​=R2​−2R1​	⇒​
101​112​1−13​9−214​​	Subtract	the	first	row	from	the	third	row:		R3=R3−R1	⇒[111901−1−20125]{\space	R_3	=	R_3	-	R_1	\space	\rArr	\begin{bmatrix}	1	&	1	&	1	&	9	\\	0	&	1	&	-1	&	-2	\\	0	&	1	&	2	&	5	\end{bmatrix}}	R3​=R3​−R1​	⇒​100​111​1−12​9−25​​	Step	3:	Eliminate	the	y{y}y-term	from	the	third	row	Subtract	the	second	row	from	the	third	row:
	R3=R3−R2	⇒[111901−1−20037]{\space	R_3	=	R_3	-	R_2	\space	\rArr	\begin{bmatrix}	1	&	1	&	1	&	9	\\	0	&	1	&	-1	&	-2	\\	0	&	0	&	3	&	7	\end{bmatrix}}	R3​=R3​−R2​	⇒​100​110​1−13​9−27​​	Step	4:	Solve	for	z,y,{z,y,}z,y,	and	x{x}x	From	the	third	row:	3z=7	⇒	z=73{3z=7	\space	\rArr	\space	z=\frac{7}{3}}3z=7	⇒	z=37​	Substitute	z=73{z=\frac{7}
{3}}z=37​	into	the	second	row:		y−73=−2	⇒	y=−673=13{\space	y-\dfrac{7}{3}=-2	\space	\rArr	\space	y=\dfrac{-6	7}{3}=\dfrac{1}{3}}	y−37​=−2	⇒	y=3−67​=31​	Substitute	y=13{y=\frac{1}{3}}y=31​	and	z=73{z=\frac{7}{3}}z=37​	into	the	first	row:		x1373=9	⇒	x83=9	⇒	x=27−83=193\space	x	\dfrac{1}{3}	\dfrac{7}{3}	=	9	\space	\rArr	\space
x	\dfrac{8}{3}	=	9	\space	\rArr	\space	x	=	\dfrac{27	-	8}{3}	=	\dfrac{19}{3}	x31​37​=9	⇒	x38​=9	⇒	x=327−8​=319​	The	solution	is:		x=193,	y=13,	z=73\space{x=\dfrac{19}{3},	\space	y=\dfrac{1}{3},	\space	z=\dfrac{7}{3}}	x=319​,	y=31​,	z=37​	Question:	4	Solving	a	System	with	a	Unique	Solution	Solve	the	system:		xy2z=72x3y5z=183x2y4z=16
\space\begin{aligned}	x	y	2z	=	7	\\	2x	3y	5z	=	18	\\	3x	2y	4z	=	16	\end{aligned}	xy2z=72x3y5z=183x2y4z=16​	Step	1:	Set	up	the	augmented	matrix		[11272351832416]\space	\begin{bmatrix}	1	&	1	&	2	&	7	\\	2	&	3	&	5	&	18	\\	3	&	2	&	4	&	16	\end{bmatrix}	​123​132​254​71816​​	Step	2:	Eliminate	the	x{x}x	-terms	from	the	second	and	third	rows	Subtract
2{2}2	times	the	first	row	from	the	second	row:		R2=R2−2R1	⇒[1127011432416]{\space	R_2	=	R_2	-	2R_1	\space	\rArr	\begin{bmatrix}	1	&	1	&	2	&	7	\\	0	&	1	&	1	&	4	\\	3	&	2	&	4	&	16	\end{bmatrix}}	R2​=R2​−2R1​	⇒​103​112​214​7416​​	Subtract	3{3}3	times	the	first	row	from	the	third	row:		R3=R3−3R1	⇒[112701140−1−2−5]{\space	R_3	=	R_3	-	3R_1
\space	\rArr	\begin{bmatrix}	1	&	1	&	2	&	7	\\	0	&	1	&	1	&	4	\\	0	&	-1	&	-2	&	-5	\end{bmatrix}}	R3​=R3​−3R1​	⇒​100​11−1​21−2​74−5​​	Step	3:	Eliminate	the	y{y}y-term	from	the	third	row	Add	the	second	row	to	the	third	row:		R3=R3R2	⇒[1127011400−1−1]{\space	R_3	=	R_3	R_2	\space	\rArr	\begin{bmatrix}	1	&	1	&	2	&	7	\\	0	&	1	&	1	&	4	\\	0	&	0	&	-1
&	-1	\end{bmatrix}}	R3​=R3​R2​	⇒​100​110​21−1​74−1​​	Step	4:	Solve	for	z,y,{z,y,}z,y,	and	x{x}x	From	the	third	row:	−z=−1	⇒	z=1{-z	=	-1	\space	\rArr	\space	z=1}−z=−1	⇒	z=1	Substitute	z=1{z=1}z=1	into	the	second	row:		y1=4	⇒	y=3{\space	y	1=4	\space	\rArr	\space	y=3}	y1=4	⇒	y=3	Substitute	y=3{y=3}y=3	and	z=1{z=1}z=1	into	the	first	row:
	x32(1)=7	⇒	x5=7	⇒x=2{\space	x	3	2(1)=7	\space	\rArr	\space	x	5=7	\space	\rArr	x=2}	x32(1)=7	⇒	x5=7	⇒x=2	The	solution	is:		x=2,	y=3,	z=1\space{x=2,	\space	y=3,	\space	z=1}	x=2,	y=3,	z=1	Question:	5	Solving	a	Consistent	System	Solve	the	system:		xy2z=72x3yz=183x2y4z=16	\space\begin{aligned}	x	y	2z	=	7	\\	2x	3y	z	=	18	\\	3x	2y	4z	=	16
\end{aligned}	xy2z=72x3yz=183x2y4z=16​	Step	1:	Set	up	the	augmented	matrix		[11272311832416]\space	\begin{bmatrix}	1	&	1	&	2	&	7	\\	2	&	3	&	1	&	18	\\	3	&	2	&	4	&	16	\end{bmatrix}	​123​132​214​71816​​	Step	2:	Eliminate	the	x{x}x	-terms	from	the	second	and	third	rows	Subtract	2{2}2	times	the	first	row	from	the	second	row:
	R2=R2−2R1	⇒[112701−3432416]{\space	R_2	=	R_2	-	2R_1	\space	\rArr	\begin{bmatrix}	1	&	1	&	2	&	7	\\	0	&	1	&	-3	&	4	\\	3	&	2	&	4	&	16	\end{bmatrix}}	R2​=R2​−2R1​	⇒​103​112​2−34​7416​​	Subtract	3{3}3	times	the	first	row	from	the	third	row:		R3=R3−3R1	⇒[112701−340−1−2−5]{\space	R_3	=	R_3	-	3R_1	\space	\rArr	\begin{bmatrix}	1	&	1	&	2	&
7	\\	0	&	1	&	-3	&	4	\\	0	&	-1	&	-2	&	-5	\end{bmatrix}}	R3​=R3​−3R1​	⇒​100​11−1​2−3−2​74−5​​	Step	3:	Eliminate	the	y{y}y-term	from	the	third	row	Add	the	second	row	to	the	third	row:		R3=R3R2	⇒[112701−3400−5−1]{\space	R_3	=	R_3	R_2	\space	\rArr	\begin{bmatrix}	1	&	1	&	2	&	7	\\	0	&	1	&	-3	&	4	\\	0	&	0	&	-5	&	-1	\end{bmatrix}}	R3​=R3​R2​	⇒​100​
110​2−3−5​74−1​​	Step	4:	Solve	for	z,y,{z,y,}z,y,	and	x{x}x	From	the	third	row:	−5z=−1	⇒	z=15{-5z	=	-1	\space	\rArr	\space	z=\frac{1}{5}}−5z=−1	⇒	z=51​	Substitute	z=15{z=\frac{1}{5}}z=51​	into	the	second	row:		y−3(15)=4	⇒	y=435=20535=235\space{y	-	3	\left	(	\dfrac{1}{5}	\right	)	=	4	\space	\rArr	\space	y	=	4	\dfrac{3}{5}	=	\dfrac{20}{5}
\dfrac{3}{5}	=	\dfrac{23}{5}}	y−3(51​)=4	⇒	y=453​=520​53​=523​	Substitute	y=235{y=\frac{23}{5}}y=523​	and	z=15{z=\frac{1}{5}}z=51​	into	the	first	row:		x2352(15)=7	⇒	x255=7	⇒	x=7−5=2\space{x	\dfrac{23}{5}	2	\left	(	\dfrac{1}{5}	\right	)	=	7	\space	\rArr	\space	x	\dfrac{25}{5}	=	7	\space	\rArr	\space	x=7-5=2}	x523​2(51​)=7	⇒	x525​
=7	⇒	x=7−5=2	The	solution	is:		x=2,	y=235,	z=15\space{x=2,	\space	y=\dfrac{23}{5},	\space	z=\dfrac{1}{5}}	x=2,	y=523​,	z=51​	7.	Practice	Questions	on	Gaussian	Elimination	Method:	Q.1	Solve	the	following	system	using	Gaussian	Elimination:		xy2z=42x3yz=53xy3z=6\space	\begin{aligned}	x	y	2z	&	=	4	\\	2x	3y	z	&	=	5	\\	3x	y	3z	&	=	6
\end{aligned}	xy2z2x3yz3xy3z​=4=5=6​	Q.2	Apply	Gaussian	Elimination	to	solve:		x−2yz=32xy3z=7x3y−z=2\space	\begin{aligned}	x	-	2y	z	&	=	3	\\	2x	y	3z	&	=	7	\\	x	3y	-	z	&	=	2	\end{aligned}	x−2yz2xy3zx3y−z​=3=7=2​	Q.3	Determine	if	the	system	has	a	unique	solution,	no	solution,	or	infinite	solutions:		xy=22x2y=5\space	\begin{aligned}	x	y	=	2	\\
2x	2y	=	5	\end{aligned}	xy=22x2y=5​	8.	FAQs	on	Gaussian	Elimination	Method:	What	is	the	purpose	of	the	Gaussian	Elimination	Method?	The	Gaussian	Elimination	Method	is	used	to	solve	systems	of	linear	equations	by	transforming	the	matrix	of	coefficients	into	a	row	echelon	form.	This	allows	for	easy	back-substitution	to	find	the	values	of	the
unknown	variables.	Can	Gaussian	Elimination	be	used	for	systems	with	more	equations	than	variables?	Yes,	Gaussian	Elimination	can	be	applied	to	overdetermined	systems	(more	equations	than	variables)	and	underdetermined	systems	(fewer	equations	than	variables).	However,	the	solutions	in	underdetermined	systems	may	not	be	unique,	and
overdetermined	systems	might	not	have	a	solution.	What	are	the	three	elementary	row	operations	used	in	Gaussian	Elimination?	The	three	elementary	row	operations	are:	Swapping	two	rows.	Multiplying	a	row	by	a	non-zero	constant.	Adding	or	subtracting	a	multiple	from	one	row	to/from	another.	How	is	Gaussian	Elimination	different	from	Gauss-
Jordan	Elimination?	Gaussian	Elimination	transforms	the	matrix	into	row	echelon	form,	while	Gauss-Jordan	Elimination	continues	to	reduce	the	matrix	further	into	reduced	row	echelon	form	(RREF),	where	all	leading	coefficients	are	1,	and	all	elements	above	and	below	the	leading	1s	are	zeros.	What	happens	if	a	pivot	element	is	zero	during	Gaussian
Elimination?	If	a	pivot	element	is	zero,	you	must	swap	rows	to	place	a	non-zero	element	in	that	position.	The	system	might	not	have	a	unique	solution	if	no	such	row	exists.	Can	Gaussian	Elimination	be	used	to	find	the	inverse	of	a	matrix?	Yes,	Gaussian	Elimination	can	be	used	to	find	the	inverse	of	a	matrix	by	augmenting	the	matrix	with	an	identity
matrix	and	then	applying	row	operations	until	the	original	matrix	becomes	the	identity	matrix	and	the	augmented	part	becomes	the	inverse.	What	are	the	limitations	of	Gaussian	Elimination?	Gaussian	Elimination	can	become	computationally	expensive	for	very	large	matrices	or	systems	of	equations,	and	it	is	prone	to	numerical	instability	if	the	matrix
contains	very	large	or	very	small	values.	What	are	the	real-world	applications	of	the	Gaussian	Elimination	Method?	Gaussian	Elimination	is	used	in	various	fields,	including	engineering	(for	solving	electrical	circuit	problems),	computer	graphics	(for	transformations),	economics	(in	optimization	models),	and	physics	(for	solving	systems	of	equations	in
simulations).	9.	Real-Life	Application	of	Gaussian	Elimination	Method:	Gaussian	Elimination	is	widely	used	in	various	fields:	Engineering:	Solving	complex	systems	of	linear	equations	in	structural	analysis,	electrical	circuits,	and	more.	Computer	Graphics:	In	graphics	transformations	and	projections.	Economics:	Solving	systems	of	equations	that
represent	economic	models.	Physics:	Used	in	simulations	and	to	solve	large	systems	in	mechanics	and	dynamics.	10.	Conclusion:	The	Gaussian	Elimination	Method	is	a	powerful	tool	for	solving	systems	of	linear	equations.	It	is	fundamental	in	mathematics	and	applicable	to	many	real-world	scenarios.	This	method	simplifies	complex	problems	into	easily
solvable	systems	by	following	systematic	row	operations,	making	it	an	indispensable	method	in	linear	algebra.	If	you	have	any	suggestions	regarding	the	improvement	of	the	content	of	this	page,	please	write	to	me	at	My	Official	Email	Address:	[email	protected]	Get	Assignment	Help\fcolorbox{black}{lightpink}{\color{blue}{Get	Assignment
Help}}Get	Assignment	Help​	Are	you	Stuck	on	homework,	assignments,	projects,	quizzes,	labs,	midterms,	or	exams?	To	get	connected	to	our	tutors	in	real	time.	Sign	up	and	get	registered	with	us.	Related	Pages:\color{red}	\bold{Related	\space	Pages:}	Related	Pages:	Gram-Schmidt	Process	Calculator	Matrix	Formula	Sheet	Linear	Algebra
Calculators	Matrix	Inverse	Calculator	Diagonalize	Matrix	Calculator	Solving	three-variable,	three-equation	linear	systems	is	more	difficult,	at	least	initially,	than	solving	the	two-variable,	two-equation	systems,	because	the	computations	involved	are	more	involved;	there	are	just	so	many	opportunities	for	careless	mistakes	to	creep	in.	(I	speak	from
painful	experience.)	So,	when	moving	on	from	two-variable	linear	systems	to	more	complicated	situations,	you	will	need	to	be	very	neat	in	your	working,	and	you	should	plan	to	use	lots	of	scratch	paper.	Lots	and	lots	of	scratch	paper.	(The	methodology	for	solving	these	larger	systems	of	equations	is	an	extension	of	the	two-variable	solving-by-addition
method,	so	make	sure	you	know	this	method	well	and	can	consistently	use	it	correctly.)	Though	the	method	of	solution	is	based	on	addition/elimination,	trying	to	do	actual	the	actual	addition	tends	quickly	to	become	confusing,	so	there	is	a	systematized	method	for	solving	three-or-more-variables	linear	systems.	This	method	is	called	"Gaussian
elimination".	(This	solution	method	is	named	after	Carl	Friedrich	Gauss,	though	Europeans	had	actually	gotten	this	method	from	Isaac	Newton	a	couple	centuries	earlier,	who	had	come	up	with	it	independently	about	fifteen	hundred	years	after	the	Chinese	had	developed	it.)	Let's	start	simple,	and	work	our	way	up	to	messier	examples.	Solve	the
following	system	of	equations.	5x	+	4	y	–			z	=	0							10y	–	3z	=	11																		z	=	3	It's	fairly	easy	to	see	how	to	get	started	in	solving	this	system.	The	third	equation	in	the	system,	the	one	at	the	bottom	of	the	stack	above,	is	a	simple	one-variable	equality;	namely,	that	z	=	3.	The	second	equation,	the	middle	one	in	the	stack	above,	has	only	the	variables
y	and	z.	The	simplest	next	step	for	me,	then,	it	to	substitute	the	z-value	from	the	third	equation	back	into	the	second	equation.	Then	I'll	solve	the	resulting	one-variable	equation	for	the	value	of	y;	in	other	words,	I'll	use	that	second	equation	to	back-solve	for	y.	10y	–	3(3)	=	11	10y	–	9	=	11	10y	=	20	y	=	2	This	gives	me	the	second	value	in	this	three-
variable	system.	The	only	variable	left	is	x.	The	first	equation	in	the	system,	the	one	at	the	top	of	the	stack	above,	contains	this	variable.	I	already	have	the	values	of	y	and	z,	so	I'll	plug	their	value	in	for	their	variables	in	the	first	equation,	and	back-solve	for	x.	5x	+	4(2)	–	(3)	=	0	5x	+	8	–	3	=	0	5x	+	5	=	0	5x	=	–5	x	=	–1	This	is	the	third	value	for	the
solution	to	this	system	of	equations.	Keeping	in	mind	that	the	variables	will	be	listed	in	this	three-coordinate	point	alphabetically,	my	answer	is:	The	reason	this	system	was	easy	to	solve	is	that	the	system	was	"upper	triangular";	this	refers	to	the	equations	having	the	form	of	a	triangle	in	the	upper	corner,	because	the	first	row	contained	terms	with	all
three	variables,	the	second	row	contained	only	terms	with	the	second	and	third	variable,	and	the	third	row	contained	a	term	only	with	the	third	variable.	Outlining	this	region	creates	that	upper-corner	triangle,	as	shown	below.	(This	formation	is	also	called	"echelon"	form	(pronounced	"ESH-eh-lahn")	or	"row-echelon"	form,	from	the	military	definition
of	"echelon"	being	where	each	row	(of	soldiers	or	tanks	or	whatever)	is	shorter	than	the	one	immediately	behind	it.	In	this	case,	each	row	(of	variable	terms)	in	the	matrix	of	equations	is	shorter	than	the	row	above	it.)	The	point	is	that,	in	this	format,	the	system	is	simple	to	solve.	And	Gaussian	elimination	is	the	method	we'll	use	to	convert	systems	to
this	upper	triangular	form,	using	the	"row	operations"	(that	is,	the	multiplying	through,	the	dividing	through,	and	the	adding	down)	that	we	saw	when	we	learned	the	"addition/elimination	method"	of	solving	systems	of	equations	on	the	previous	page.	Solve	the	following	system	of	equations	using	Gaussian	elimination.	–3x	+	2y	–	6z	=	6			5x	+	7y	–	5z	=
6					x	+	4y	–	2z	=	8	No	equation	is	solved	for	a	variable,	so	I'll	have	to	do	the	multiplication-and-addition	thing	to	simplify	this	system.	In	order	to	keep	track	of	my	work,	I'll	write	down	each	step	as	I	go.	But	I'll	do	my	computations	on	scratch	paper.	Here	is	how	I	did	it:	The	first	thing	to	do	is	to	get	rid	of	the	leading	x-terms	in	two	of	the	rows.	For	now,
I'll	just	look	at	which	rows	will	be	easy	to	clear	out;	I	can	switch	the	rows'	order	later,	if	needed,	to	put	the	system	into	upper	triangular	form.	There	is	no	rule	that	says	I	have	to	use	the	x-term	from	the	first	row,	and,	in	this	case,	I	think	it	will	be	simpler	to	use	the	x-term	from	the	third	row,	since	its	coefficient	is	simply	"1".	So	I'll	multiply	the	third
row	by	3,	and	add	it	to	the	first	row.	I	first	do	my	actual	computations	on	scratch	paper:	...and	then	I	write	down	the	results:	(When	we	were	solving	two-variable	systems	on	the	previous	page,	we	could	multiply	a	row,	rewriting	the	system	off	to	the	side,	and	then	add	down.	There	is	no	space	for	this	in	a	three-variable	system,	which	is	why	we	need
the	scratch	paper.)	Please	take	careful	note:	I	didn't	actually	do	anything	to	the	third	row	—	I	had	used	the	third	row,	but	I	hadn't	actually	changed	the	third	row	—	so	I	merely	copied	it	over,	unchanged,	into	the	new	matrix	of	equations.	I	neither	changed	nor	used	the	second	row,	so	I	copied	it	over,	unchanged,	to	the	new	matrix	as	well.	The	only	row
that	was	actually	changed	was	the	first	row;	in	the	new	matrix,	you	can	see	that	I	wrote	in	the	results	of	my	scratch-work.	Do	not	confuse	"using"	with	"changing".	(To	make	my	steps	clear	for	the	grader	(and	for	me,	when	I	review	later	for	the	test),	I	have	annotated	the	arrow	between	the	two	steps	to	show	that	I'd	multiplied	the	third	row	by	three,
and	then	had	added	the	result	to	the	first	row,	in	order	to	get	a	new	first	row.)	I	generally	prefer	to	work	with	smaller	numbers,	and	I	notice	that	all	the	coefficients	in	the	(new)	first	row	are	even.	So,	to	get	smaller	coefficients,	I'll	multiply	the	first	row	by	one-half	(or,	which	is	the	same	thing,	divide	through	by	2):	Now	that's	I've	removed	the	x-term
from	R1,	I	turn	my	attention	to	R2.	I	could	divide	this	row	by	−5	and	then	add	this	to	the	third	row	(leaving	the	in-use	second	row	unchanged),	but	this	will	give	me	loads	of	fractions	in	the	third	row.	I'd	like	to	avoid	fractions	as	long	as	possible.	So,	instead,	I'll	multiply	the	third	row	by	−5	and	add	the	result	to	the	second	row	(leaving	the	in-use	third
row	unchanged).	I	do	this	work	on	scratch	paper:	I	haven't	done	anything	with	the	first	row,	so	I'll	copy	it	to	the	new	system	unchanged.	I	worked	with	the	third	row	(in	my	scratch-work),	but	I	only	worked	on	the	second	row,	so	the	second	row	will	be	updated	in	the	new	system,	but	the	third	row	will	be	copied	over	unchanged.	Okay,	now	thex-column
is	cleared	out	except	for	the	leading	term	in	the	third	row.	So,	to	work	further	toward	triangular	form,	I	next	have	to	work	on	the	y-column.	Note:	Since	the	third	equation	has	an	x-term,	I	cannot	use	it	on	either	of	the	other	two	equations	any	more	—	or	I'll	undo	my	progress	in	clearing	those	rows	of	x-terms.	I	can	work	on	the	equation	(using	other
rows	to	clear	the	y-term),	but	not	with	it	(that	is,	I	cannot	apply	it	to	the	other	two	rows).	Looking	at	the	first	and	second	rows,	I	see	that	I	could	divide	the	first	row	by	7	and	the	second	row	by	13,	and	then	the	y-terms	will	cancel.	But	this	will	give	me	loads	of	fractions.	I	could	multiply	to	the	least	common	multiple,	which	is	91,	but	then	the	numbers
will	start	getting	kinda	big.	Neither	of	these	options	is	"wrong";	it's	just	that	I'm	lazy,	so	I'm	going	to	see	if	there	might	be	a	better	option.	If	I	multiply	the	first	row	by	2	and	add	the	result	to	the	second	row,	this	will	give	me	a	leading	1	in	the	second	row.	I	won't	have	gotten	rid	of	the	leading	y-term	in	the	second	row,	but	I	will	have	converted	it
(without	bogging	down	in	fractions)	to	a	form	that	is	simpler	to	deal	with.	(You	should	keep	an	eye	out	for	this	sort	of	simplification.)	First	I	do	the	scratch	work:	I	update	the	second	row,	leaving	the	first	(that	I'd	worked	with	but	not	on)	and	third	(with	which	I'd	done	nothing)	unchanged.	Now	I	can	use	the	second	row	to	clear	out	the	y-term	in	the	first
row.	I'll	multiply	the	second	row	by	−7	and	add	the	result	to	the	first	row.	First	I	do	my	scratch	work:	I	worked	with	R2,	but	only	on	R1;	I	did	nothing	with	R3.	So	I	leave	R2	and	R3	unchanged,	updating	the	system	with	the	new	R1.	I	can	now	see	what	the	value	of	z	is	but,	just	to	be	thorough,	I'll	divide	through	on	the	first	row	by	43.	Then	I'll	rearrange
the	rows	to	put	them	in	upper-triangular	form:	Now	I	can	start	the	process	of	back-solving:	y	–	7(1)	=	–4	y	–	7	=	–4	y	=	3	That's	a	second	variable	done.	Now	I'll	do	the	final	back-solving:	x	+	4(3)	–	2(1)	=	8	x	+	12	–	2	=	8	x	+	10	=	8	x	=	–2	I	now	have	values	for	each	of	the	three	variables.	I	found	these	values	in,	as	it	happened	to	turn	out,	reverse-
alphabetical	order.	I'll	need	to	remember	to	write	my	solution	with	the	variables	in	the	correct,	alphabetical	order.	Note:	There	is	nothing	sacred	about	the	steps	I	used	in	solving	the	above	system;	there	was	nothing	special	about	how	I	solved	this	system.	You	could	work	in	a	different	order	or	simplify	or	combine	different	rows	in	different	ways,	and
still	come	up	with	the	correct	answer.	These	systems	are	sufficiently	complicated	that	there	is	unlikely	ever	to	be	only	one	right	way	of	computing	the	answer.	So	don't	stress	over	"how	did	she	know	to	do	that	next?",	because	there	is	no	rule.	I	didn't	"know";	I	just	did	whatever	I	happened	to	notice	first,	or	whatever	happened	to	struck	my	fancy;	I	did
whatever	seemed	simplest	or	whatever	first	sprang	to	mind.	Don't	worry	if	you	would	have	used	completely	different	steps	from	a	classmate	or	your	instructor.	As	long	as	each	step	along	your	way	is	correct,	then	you	will	come	up	with	the	same	answer.	In	the	above	example,	I	could	have	gone	further	in	my	computations	and	been	more	thorough-
going	in	my	row	operations,	clearing	out	all	the	y-terms	other	than	that	in	the	second	row	and	all	the	z-terms	other	than	that	in	the	first	row.	This	would	then	have	been	the	entire	process,	from	beginning	to	end:	When	a	system	is	reduced	in	this	way,	I	can	just	read	off	the	values	of	x,	y,	and	z	directly	from	the	system;	I	don't	have	to	bother	with	the
back-substitution.	This	more-complete	method	of	solving	is	called	"Gauss-Jordan	elimination"	(the	"Jordan"	part	being	named	after	Wilhelm	Jordan).	When	the	equations	are	reduced	to	this	point,	where	you	can	simply	read	off	the	solution,	the	system	is	said	to	be	in	"reduced"	row-echelon	form.	Many	textbooks	only	go	as	far	as	Gaussian	elimination,
but	I've	always	found	it	easier	to	continue	on	and	do	Gauss-Jordan.	And	no	instructor	should	ever	count	off	for	your	doing	extra	steps	or	being	"too	complete"	in	your	work.	Unless	otherwise	specified,	do	what	you	like.	Note	that	I	did	two	row	operations	at	once	in	that	last	step	before	switching	the	rows.	As	long	as	I'm	not	working	with	and	working	on
the	same	row	in	the	same	step,	this	is	okay.	In	that	last	step,	I	was	working	with	the	first	row,	using	it	to	work	on	the	second	and	third	rows.	And	yes,	solving	systems	of	linear	equations	(by	hand)	is	often,	even	usually,	this	long	and	involved.	Like	I	said	before:	lots	and	lots	of	scratch	paper.	The	next	page	has	more	worked	examples.	URL:	You	can	use
the	Mathway	widget	below	to	practice	solving	systems	of	linear	equations	with	three	or	more	variables	(or	skip	the	widget	and	continue	on	to	the	next	page).	Try	the	entered	exercise,	or	type	in	your	own	exercise.	Click	the	button	and	select	"Solve	using	Gaussian	Elimination"	to	compare	your	answer	to	Mathway's.	Please	accept	"preferences"	cookies
in	order	to	enable	this	widget.	(Click	"Tap	to	view	steps"	to	be	taken	directly	to	the	Mathway	site	for	a	paid	upgrade.)	Page	1Page	2Page	3Page	4Page	5Page	7	Ava	invests	a	total	of	\($10,000\)	in	three	accounts,	one	paying	\(5%\)	interest,	another	paying	\(8%\)	interest,	and	the	third	paying	\(9%\)	interest.	The	annual	interest	earned	on	the	three
investments	last	year	was	\($770\).	The	amount	invested	at	\(9%\)	was	twice	the	amount	invested	at	\(5%\).	How	much	was	invested	at	each	rate?	We	have	a	system	of	three	equations	in	three	variables.	Let	\(x\)	be	the	amount	invested	at	\(5%\)	interest,	let	\(y\)	be	the	amount	invested	at	\(8%\)	interest,	and	let	\(z\)	be	the	amount	invested	at	\(9%\)
interest.	Thus,	\[\begin{align*}	x+y+z	&=	10,000	\\	0.05x+0.08y+0.09z	&=	770	\\	2x−z	&=	0	\end{align*}\]	As	a	matrix,	we	have	\(\left[	\begin{array}{ccc|c}	1&1&1&10,000\\0.05&0.08&0.09&770\\2&0&-1&0\end{array}	\right]\)	Now,	we	perform	Gaussian	elimination	to	achieve	row-echelon	form.	\(−0.05R_1+R_2=R_2\rightarrow	\left[
\begin{array}{ccc|c}	1&1&1&10,000\\0&0.03&0.04&270\\2&0&-1&0\end{array}	\right]\)	\(−2R_1+R_3=R_3\rightarrow	\left[	\begin{array}{ccc|c}	1&1&1&10,000\\0&0.03&0.04&270\\0&-2&-3&-20,000\end{array}	\right]\)	\(\dfrac{1}{0.03}R_2=R_2\rightarrow	\left[	\begin{array}{ccc|c}	1&1&1&10,000\\0&1&\dfrac{4}
{3}&9,000\\0&-2&-3&-20,000\end{array}	\right]\)	\(2R_2+R_3=R_3\rightarrow	\left[	\begin{array}{ccc|c}	1&1&1&10,000\\0&1&\dfrac{4}{3}&9,000\\0&0&-\dfrac{1}{3}&-2,000\end{array}	\right]\)	The	third	row	tells	us	\(−\dfrac{1}{3}z=−2,000\);	thus	\(z=6,000\).	The	second	row	tells	us	\(y+\dfrac{4}{3}z=9,000\).	Substituting	\(z=6,000\),we
get	\[\begin{align*}	y+\dfrac{4}{3}(6,000)	&=	9,000	\\	y+8,000	&=	9,000	\\	y	&=	1,000	\end{align*}\]	The	first	row	tells	us	\(x+y+z=10,000\).	Substituting	\(y=1,000\)	and	\(z=6,000\),we	get	\[\begin{align*}	x+1,000+6,000	&=	10,000	\\	x	&=	3,000	\end{align*}\]	The	answer	is	\($3,000\)	invested	at	\(5%\)	interest,	\($1,000\)	invested	at	\(8%\),	and	\
($6,000\)	invested	at	\(9%\)	interest.	Gaussian	elimination	is	a	powerful	tool	for	solving	systems	of	linear	equations.	If	you’ve	ever	dealt	with	such	problems,	you	know	how	effective	and	versatile	this	method	can	be.	It’s	widely	used	in	various	scientific	and	engineering	fields	where	working	with	systems	of	equations	is	a	daily	routine.	While	other
methods,	like	Cramer’s	rule	or	matrix	methods,	can	be	helpful,	they	aren’t	always	efficient.	For	example,	if	a	system	has	an	infinite	number	of	solutions	or	is	inconsistent,	those	methods	might	not	give	the	desired	outcome.	That’s	where	Gaussian	elimination	steps	in,	offering	a	solution	even	for	complex	and	challenging	systems.	In	this	article,	we’ll
dive	into	the	process	of	Gaussian	elimination	and	demonstrate	how	you	can	use	it	to	solve	different	types	of	linear	systems.	We’ll	explore	its	fundamental	principles	and	walk	through	practical	examples	to	help	you	see	how	this	method	works	in	real-world	problems.	Key	Steps	of	Gaussian	Elimination:	How	Does	It	Work?	The	Gaussian	elimination
method	consists	of	two	important	stages:	the	forward	elimination	and	the	back	substitution.	Let’s	take	a	closer	look	at	each	step.	Forward	Elimination	The	first	stage	is	called	“forward	elimination”.	Here,	the	goal	is	to	transform	the	system	of	equations	into	an	upper	triangular	form	by	performing	a	series	of	row	operations.	The	aim	is	to	make	all	the
elements	below	the	main	diagonal	of	the	matrix	equal	to	zero.	The	row	operations	we	use	include:	Adding	one	row	to	another;	Multiplying	a	row	by	a	non-zero	constant;	Swapping	rows.	These	operations	simplify	the	system	by	removing	unnecessary	variables	and	preparing	it	for	the	next	step.	Back	Substitution	Once	the	system	is	in	triangular	form,
we	move	on	to	the	second	stage	–	back	substitution.	In	this	phase,	we	solve	for	the	unknowns,	starting	from	the	last	equation	and	working	our	way	back	to	the	first.	This	step-by-step	approach	allows	us	to	efficiently	find	the	solution	to	the	entire	system.	Gaussian	Elimination	in	Action:	Detailed	Algorithm	Breakdown	To	better	understand	how	Gaussian
elimination	works	and	how	to	apply	it	to	solve	systems	of	linear	algebraic	equations,	let’s	go	through	the	entire	process	in	detail.	Transforming	the	System	into	Triangular	Form	Let’s	start	with	a	system	of	linear	algebraic	equations:	This	is	the	system	we	will	simplify	using	the	Gaussian	elimination	method.	Here,	aij	represents	the	coefficient	of
variable	xj	in	the	i-th	equation,	and	bi	represents	the	constant	term	on	the	right-hand	side.	We	begin	by	assuming	that	a11≠0	(we	can	always	achieve	this	by	rearranging	the	equations).	Next,	we	divide	all	coefficients	of	the	first	equation	by	a11,	giving	us:	Where	c1j=a1j/a11	(for	j>1),	and	d1=b1/a11.	Now,	using	this	equation,	we	can	eliminate	the
unknown	variable	x1	from	the	other	equations	in	the	system.	To	do	this,	we	subtract	the	first	equation	(multiplied	by	the	appropriate	coefficient)	from	each	subsequent	equation.	For	example,	we	subtract	the	first	equation	multiplied	by	a21	from	the	second	equation,	then	subtract	the	first	equation	multiplied	by	a31	from	the	third	equation,	and	so	on
for	all	the	remaining	equations.	As	a	result,	we	obtain	the	system	in	an	upper	triangular	form:	At	this	point,	we	have	successfully	applied	Gaussian	elimination	to	simplify	the	system	into	triangular	form,	making	it	much	easier	to	solve	for	the	unknowns.	Solving	for	the	Unknowns	The	second	stage	of	Gaussian	elimination	is	called	back	substitution,
where	we	determine	the	values	of	the	unknowns	starting	with	the	last	equation.	From	the	final	equation,	we	immediately	find	the	value	of	xn:	Next,	we	substitute	xn	into	the	second-to-last	equation	to	find	xn-1:	We	continue	this	process,	substituting	the	values	of	xn	and	xn-1	into	the	preceding	equations	to	solve	for	the	remaining	unknowns.	This	step-
by-step	approach	allows	us	to	solve	for	all	variables	in	the	system.	This	process	can	be	generalized	by	the	formula:	Important	Notes	If,	during	the	elimination	process,	all	the	elements	in	a	row	become	zero	but	the	right-hand	side	isn’t,	it	means	the	system	is	inconsistent	and	can’t	be	solved;	If	both	the	elements	in	a	row	and	the	right-hand	side	turn	to
zero,	the	system	is	consistent	and	has	infinitely	many	solutions;	To	find	the	general	solution	for	a	consistent	system	with	many	solutions,	express	the	basic	variables	in	terms	of	the	free	variables	during	back	substitution;	Basic	variables	are	the	first	ones	on	the	left	with	non-zero	coefficients,	while	free	variables	are	the	remaining	ones	that	weren’t
eliminated	during	the	process.	Gaussian	Elimination	and	Division	by	Zero:	Simple	Ways	to	Avoid	Errors	One	of	the	key	challenges	when	applying	Gaussian	elimination	to	solve	systems	of	linear	equations	is	the	possibility	of	division	by	zero.	This	issue	arises	when	the	leading	element	of	the	matrix	becomes	zero	during	the	forward	elimination	stage.	For
example,	if	a11	in	the	system	of	equations	is	zero,	we	cannot	divide	the	other	coefficients	a1j	by	zero	to	calculate	the	intermediate	values	c1j.	How	to	Avoid	Division	by	Zero	To	prevent	division	by	zero,	several	algorithms	and	methods	have	been	developed.	Let’s	look	at	two	of	the	most	common	approaches:	Partial	Pivoting:	Partial	pivoting	helps	avoid
zero	values	on	the	diagonal	of	the	matrix	during	the	forward	elimination	stage	of	Gaussian	elimination.	At	each	step,	we	select	the	element	with	the	largest	absolute	value	in	the	column,	located	below	the	current	element,	and	swap	the	rows	of	the	matrix.	This	prevents	division	by	zero	in	the	subsequent	steps	and	ensures	the	stability	of	the
computations.	Full	Pivoting:	Full	pivoting	is	a	more	complex	method.	In	this	approach,	at	each	step,	the	element	with	the	largest	absolute	value	in	the	submatrix	(to	the	right	and	below	the	current	element)	is	selected.	Then,	both	the	rows	and	columns	of	the	matrix	are	swapped	to	make	this	element	the	diagonal	entry.	This	method	not	only	avoids
division	by	zero	but	also	improves	the	algorithm’s	resistance	to	computational	errors.	Choosing	a	Pivoting	Method	The	choice	between	partial	and	full	pivoting	depends	on	the	specific	problem	and	the	properties	of	the	matrix.	Full	pivoting	can	be	more	computationally	expensive,	but	it	provides	the	best	protection	against	division	by	zero	issues.	On
the	other	hand,	partial	pivoting	is	more	efficient	in	terms	of	computational	resources	and	is	suitable	for	cases	where	the	risk	of	division	by	zero	is	minimal.	Gaussian	Elimination:	Practical	Examples	and	Solutions	Example	1:	What	Are	the	Stages	of	Gaussian	Elimination	for	Solving	Systems	of	Linear	Equations?	The	Gaussian	elimination	method
consists	of	two	main	stages:	forward	elimination	and	back	substitution.	In	the	forward	elimination	stage,	the	system	is	transformed	into	a	triangular	form,	which	simplifies	the	calculation	process.	Then,	in	the	back	substitution	stage,	the	values	of	the	unknowns	are	found,	starting	with	the	last	equation	in	the	system.	Example	2:	What	Elementary	Row
Operations	Are	Used	in	Gaussian	Elimination?	The	Gaussian	elimination	method	uses	three	types	of	elementary	row	operations:	Adding	one	row	of	the	matrix	to	another;	Multiplying	a	row	of	the	matrix	by	a	non-zero	constant;	Swapping	two	rows	of	the	matrix.	These	operations	help	reduce	the	system	of	equations	into	a	triangular	form,	making	further
calculations	easier.	Example	3:	How	Can	You	Determine	If	a	System	of	Linear	Equations	Is	Consistent	Using	Gaussian	Elimination?	The	consistency	of	the	system	can	be	determined	by	the	results	of	applying	Gaussian	elimination.	If	the	elements	of	any	row	in	the	matrix	become	zero	after	the	transformations,	but	the	right-hand	side	is	not	zero,	then
the	system	is	inconsistent.	However,	if	both	the	elements	of	the	row	and	the	right-hand	side	become	zeros,	it	indicates	that	there	are	infinitely	many	solutions.	Example	4:	Solving	a	System	of	Linear	Equations	with	Gaussian	Elimination	First,	we	want	to	transform	the	system	into	a	triangular	form.	To	do	that,	we	simplify	the	first	equation	by	dividing	it
by	the	coefficient	of	x1,	which	is	2:	Next,	we	eliminate	x1	from	the	second	equation.	To	achieve	this,	we	subtract	the	first	equation	(multiplied	by	4)	from	the	second	equation:	The	result,	0=0,	tells	us	the	system	is	consistent	and	has	infinitely	many	solutions.	When	this	happens,	we	express	one	variable	in	terms	of	another.	Since	we	know	x1	is	our
basic	variable	and	x2	is	free,	let’s	express	x1	in	terms	of	x2	using	the	first	equation:	This	gives	us	the	general	solution:	By	assigning	any	value	to	x2,	we	can	find	specific	solutions.	This	means	the	system	has	infinitely	many	solutions	based	on	the	values	of	x2.	Example	5:	Solving	a	System	of	Linear	Equations	with	Gaussian	Elimination	The	first	step,	as
in	the	previous	example,	is	to	transform	the	system	into	triangular	form.	To	eliminate	x1	from	the	second	and	third	equations,	we	subtract	the	first	equation,	multiplied	by	appropriate	coefficients.	After	these	transformations,	the	system	takes	the	following	form:	The	next	step	is	to	eliminate	x2	from	the	third	and	fourth	equations.	We	divide	the
coefficients	of	the	second	equation	by	a22=-14,	then	subtract	the	second	equation	(multiplied	by	the	corresponding	factors)	from	the	third	and	fourth	equations.	After	these	transformations,	the	system	becomes:	Now,	we	eliminate	x3	from	the	fourth	equation.	We	divide	the	coefficients	of	the	third	equation	by	a33=10.1	and	subtract	the	elements	of
the	third	equation	(multiplied	by	a43=-7.3)	from	the	fourth	equation.	The	resulting	system	is:	The	final	step	is	to	divide	the	coefficients	of	the	fourth	equation	by	a44=4.4:	The	system	is	now	in	triangular	form.	Moving	on	to	the	second	stage-back	substitution-we	sequentially	find	the	values	of	all	the	variables.	From	the	last	equation,	we	find	x4=-1.
Substituting	this	value	into	the	third	equation,	we	find	x3=1.	Continuing	the	back	substitution,	we	find	x2=2	and	x1=3.	Thus,	the	solution	to	the	system	is:	Further	Reading:	Modifications	and	Applications	of	Gaussian	Elimination	As	you	explore	Gaussian	elimination	for	solving	systems	of	linear	equations,	it	can	be	useful	to	dive	into	its	modifications
and	applications	for	other	tasks.	Here	are	a	few	recommended	topics	to	expand	your	understanding:	Gaussian	Elimination	with	Partial	Pivoting	–	This	method	helps	avoid	division	by	zero	and	improves	accuracy	when	solving	systems	of	equations.	It	involves	selecting	the	largest	possible	pivot	to	ensure	more	stable	computations.	Computing
Determinants	Using	Gaussian	Elimination	–	Gaussian	elimination	can	also	be	used	to	find	the	determinant	of	a	matrix,	not	just	for	solving	equations.	This	is	a	useful	technique	in	linear	algebra	for	various	applications.	Gauss-Jordan	Elimination	–	An	extension	of	the	standard	Gaussian	elimination,	this	method	is	used	to	find	the	inverse	of	a	matrix	and
solve	systems	of	equations	by	reducing	the	matrix	to	its	reduced	row	echelon	form.	Exploring	these	advanced	methods	will	give	you	a	broader	understanding	of	how	Gaussian	elimination	can	be	adapted	and	applied	to	a	wide	range	of	mathematical	problems.	Turn	Math	into	Code:	Build	Your	Own	Gaussian	Elimination	Solver	Do	you	love	programming?
Why	not	merge	your	passion	for	coding	with	mathematics?	Gaussian	elimination	offers	a	fantastic	opportunity	to	create	a	simple	application	that	solves	systems	of	linear	equations.	By	following	a	clear	algorithm	flowchart,	you	can	easily	develop	a	program	that	quickly	and	accurately	computes	solutions	for	any	system.	Not	only	does	programming	this
algorithm	help	you	apply	theory	in	a	practical	way,	but	it	also	sharpens	your	skills	in	both	programming	and	mathematical	computations.	Automation	makes	it	possible	to	turn	complex	mathematical	processes	into	streamlined,	efficient	code.	Ready	to	simplify	your	calculations?	Let’s	turn	math	into	code	and	make	solving	equations	even	easier!	Share
—	copy	and	redistribute	the	material	in	any	medium	or	format	for	any	purpose,	even	commercially.	Adapt	—	remix,	transform,	and	build	upon	the	material	for	any	purpose,	even	commercially.	The	licensor	cannot	revoke	these	freedoms	as	long	as	you	follow	the	license	terms.	Attribution	—	You	must	give	appropriate	credit	,	provide	a	link	to	the
license,	and	indicate	if	changes	were	made	.	You	may	do	so	in	any	reasonable	manner,	but	not	in	any	way	that	suggests	the	licensor	endorses	you	or	your	use.	ShareAlike	—	If	you	remix,	transform,	or	build	upon	the	material,	you	must	distribute	your	contributions	under	the	same	license	as	the	original.	No	additional	restrictions	—	You	may	not	apply
legal	terms	or	technological	measures	that	legally	restrict	others	from	doing	anything	the	license	permits.	You	do	not	have	to	comply	with	the	license	for	elements	of	the	material	in	the	public	domain	or	where	your	use	is	permitted	by	an	applicable	exception	or	limitation	.	No	warranties	are	given.	The	license	may	not	give	you	all	of	the	permissions
necessary	for	your	intended	use.	For	example,	other	rights	such	as	publicity,	privacy,	or	moral	rights	may	limit	how	you	use	the	material.	The	elementary	row	operations	allow	us	to	change	matrices	and	their	associated	system	of	linear	equations	without	changing	the	solutions	of	those	equations.	The	goal	is	to	end	up	with	matrices	which	make	these
common	solutions	obvious.	Here	are	some	examples.	The	augmented	matrix	\begin{equation*}	\left[\begin{array}{cccc|c}	1\amp	0\amp	0\amp	0\amp	1\\	0\amp	1\amp	0\amp	0\amp	2\\	0\amp	0\amp	1\amp	0\amp	5\\	0\amp	0\amp	0\amp	1\amp	-1	\end{array}\right]	\end{equation*}	corresponds	to	the	system	of	linear	equations	\begin{equation*}
\begin{array}{cccccc}	x_1\amp	\amp	\amp	\amp	=\amp	1\\	\amp	x_2\amp	\amp	\amp	=\amp	2\\	\amp	\amp	x_3\amp	\amp	=\amp	5\\	\amp	\amp	\amp	x_4\amp	=\amp	-1	\end{array}	\end{equation*}	The	equations	themselves	actually	describe	the	unique	solution!	Notice	the	structure	of	the	coefficient	matrix	that	makes	this	possible.	There	is	only	one
nonzero	entry	in	each	row,	its	value	is	1,	and	as	you	proceed	down	through	from	one	row	to	the	next,	the	nonzero	entry	moves	one	column	to	the	right.	The	augmented	matrix	\begin{equation*}	\left[\begin{array}{cc|c}	1\amp	1\amp	4\\	0\amp	2\amp	6	\end{array}\right]	\end{equation*}	corresponds	to	the	system	of	linear	equations
\begin{equation*}	\begin{array}{rcc}	x_1+x_2\amp	=\amp	4\\	2x_2\amp	=\amp	6	\end{array}	\end{equation*}	The	last	row	is	easy	to	solve:	we	get	\(x_2=3\text{.}\)	Using	this	value,	it	is	also	easy	to	solve	\(x_1+x_2=x_1+3=4\text{,}\)	or	\(x_1=1\text{.}\)	The	augmented	matrix	\begin{equation*}	\left[\begin{array}{ccc|c}	1\amp	1\amp	1\amp	4\\
0\amp	0\amp	2\amp	6	\end{array}\right]	\end{equation*}	corresponds	to	the	system	of	linear	equations	\begin{equation*}	\begin{array}{rcc}	x_1+x_2+x_3\amp	=\amp	4\\	2x_3\amp	=\amp	6	\end{array}	\end{equation*}	As	before,	we	get	\(x_3=3\text{.}\)	We	still	have	two	variables	undefined:	we	assign	a	parameter	to	the	second	one:	\
(x_2=t\text{.}\)	Using	this	value,	we	have	\(x_1+x_2+x_3=x_1+t+3=4\text{,}\)	or	\(x_1=1-t\text{.}\)	We	now	know	the	solutions:	\(x_1=1-t\text{,}\)	\(x_2=t\text{,}\)	\(x_3=3\)	where	\(t\)	can	be	any	real	number.	In	fact	we	can	check	this	result	with	the	first	equation:	\(x_1+x_2+x_3=(1-t)	+	t	+	3=4\text{.}\)	The	compact	way	of	writing	this	solution	is	\
((x_1,x_2,x_3)=(1-t,t,3)\text{.}\)	It's	clear	from	the	examples	given	that	having	lots	of	zeros	in	the	coefficient	matrix	is	helpful	for	computing	the	solutions.	It's	also	clear	that	if	the	first	nonzero	entry	in	a	row	is	one,	then	the	computation	easier.	Our	plan	is	to	use	elementary	row	operations	to	change	a	given	coefficient	matrix	into	one	with	these
properties,	and	then	to	describe	all	the	solutions.	Here	are	some	observations	that	will	help	us:	If	a	column	has	some	nonzero	entry,	we	can	always	make	the	top	entry	nonzero	by	interchanging	rows,	if	necessary	using	\(R_1\leftrightarrow	R_i\)	for	some	\(i>1\text{.}\)	If	the	first	nonzero	entry	of	a	row	\(R_i\)	is	\(\lambda\text{,}\)	we	can	turn	it	into	a	1
by	using	\(R_i\leftarrow	\tfrac	1\lambda	R_i\text{.}\)	If	two	rows	\(R_i\)	and	\(R_j\)	have	nonzero	entries	in	some	column	\(k\text{,}\)	we	can	turn	the	\(j,k\)	entry	into	a	zero	using	\(R_j	\leftarrow	R_j	-	\frac{a_{j,k}}{a_{i,k}}	R_i\text{.}\)	We	now	want	to	define	a	general	class	of	matrices	whose	corresponding	system	of	linear	equations	have	solutions
that	are	easy	to	find.	These	matrices	have	a	special	pattern	of	zeros	and	ones,	and	are	said	to	be	in	row	echelon	form.	Figure	2.5.1.	A	matrix	in	row	echelon	formThe	matrix	above	gives	an	idea	of	what	we	want.	Notice	the	staircase	line	drawn	through	the	matrix	has	all	entries	below	it	equal	to	zero.	The	entries	marked	with	a	\(*\)	can	take	on	any
value.	The	first	nonzero	entry	in	a	row	(if	there	is	one)	is	called	the	leading	entry.	If	it	equals	\(1\text{,}\)	then	it	is	called	a	leading	one.	A	matrix	is	in	row	echelon	form	if	Every	leading	entry	is	a	leading	one.	Every	entry	below	a	leading	one	is	\(0\text{.}\)	As	you	go	down	the	matrix,	the	leading	ones	move	to	the	right.	Any	all	zero	rows	are	at	the
bottom.	Which	of	the	following	matrices	are	in	row	echelon	form?	\(\displaystyle	\begin{bmatrix}	1\amp2\amp3\amp4\\	0\amp5\amp6\amp7\\	0\amp0\amp8\amp9\\	0\amp0\amp0\amp10	\end{bmatrix}\)	\(\displaystyle	\begin{bmatrix}	1\amp2\amp3\amp4\\	0\amp1\amp2\amp3\\	0\amp0\amp0\amp0\\	0\amp0\amp0\amp1	\end{bmatrix}\)	\(\displaystyle
\begin{bmatrix}	1\amp2\amp3\amp4\\	0\amp1\amp2\amp3\\	0\amp0\amp0\amp1\\	0\amp0\amp0\amp0	\end{bmatrix}\)	\(\displaystyle	\begin{bmatrix}	1\amp2\amp3\amp4\\	0\amp1\amp6\amp7\\	0\amp0\amp1\amp1\\	0\amp0\amp1\amp1	\end{bmatrix}\)	\(\displaystyle	\begin{bmatrix}	1\amp0\amp0\amp0\\	0\amp0\amp0\amp0\\	0\amp0\amp0\amp0\\
0\amp0\amp0\amp0	\end{bmatrix}\)	Solution	Not	in	row	echelon	form	because	not	every	leading	entry	is	a	\(1\text{.}\)	Not	in	row	echelon	form	because	the	zero	row	is	not	at	the	bottom.	It	is	row	echelon	form.	Not	row	echelon	form	because	a	leading	entry	has	a	nonzero	entry	below	it.	It	is	row	echelon	form.	The	plan	is	now	start	with	the	augmented
matrix	and,	by	using	a	sequence	of	elementary	row	operations,	change	it	to	a	new	matrix	where	it	is	easy	to	identify	the	solutions	of	the	associated	system	of	linear	equations.	Since	any	elementary	row	operation	leaves	the	solutions	unchanged,	the	solutions	to	the	final	system	of	linear	equations	will	be	identical	to	the	solutions	of	the	original	one.	We
work	on	the	columns	of	the	matrix	from	left	to	right	and	change	the	matrix	in	the	following	way:	Start	with	the	first	column.	If	it	has	all	entries	equal	to	zero,	move	on	to	the	next	column	to	the	right.	If	the	column	has	nonzero	entries,	interchange	rows,	if	necessary,	to	get	a	nonzero	entry	on	top.	Change	the	top	entry,	if	necessary,	to	make	it	a	\
(1\text{.}\)	For	any	nonzero	entry	below	the	top	one,	use	an	elementary	row	operation	to	change	it	to	zero.	Now	consider	the	part	of	the	matrix	below	the	top	row	and	to	the	right	of	the	column	under	consideration:	if	there	are	no	such	rows	or	columns,	stop	since	the	procedure	is	finished.Otherwise,	carry	out	the	same	procedure	on	the	new	matrix.
Here	is	a	first	example:	\begin{equation*}	\begin{array}{r}	3x_1-2x_2-x_3+x_4=1\\	6x_1-8x_2+x_3+2x_4=4	\end{array}	\end{equation*}	has	augmented	matrix	\begin{equation*}	\begin{bmatrix}	3	\amp	-2	\amp	-1	\amp	1	\amp	1	\\	6	\amp	-8	\amp	1	\amp	2	\amp	4	\end{bmatrix}.	\end{equation*}	We	don't	need	to	exchange	rows	to	make	the	top
entry	of	the	first	column	nonzero,	so	we	proceed	to	make	the	top	entry	\(1\)	using	the	elementary	row	operation	\(R_1\gets	\frac13R_1\text{.}\)	The	matrix	becomes	\begin{equation*}	\begin{bmatrix}	1	\amp	-\frac23	\amp	-\frac13	\amp	\frac13	\amp	\frac13	\\	6	\amp	-8	\amp	1	\amp	2	\amp	4	\end{bmatrix}.	\end{equation*}	Now	we	must	make	all
entries	below	the	top	one	in	the	column	equal	to	zero.	There	is,	of	course,	only	one	such	entry,	and	so,	using	\(R_2\leftarrow	R_2-6R_1\text{,}\)	we	get	\begin{equation*}	\begin{bmatrix}	1	\amp	-\frac23	\amp	-\frac13	\amp	\frac13	\amp	\frac13	\\	0	\amp	-4	\amp	3	\amp	0	\amp	2	\end{bmatrix}\text{.}	\end{equation*}	We're	now	done	with	the	first
column,	so	we	continue	with	the	same	procedure	on	the	matrix	obtained	by	deleting	the	first	row	and	first	column:	\begin{equation*}	\begin{bmatrix}	-4	\amp	3	\amp	0	\amp	2	\end{bmatrix}.	\end{equation*}	Since	there	is	only	one	row,	we	need	only	change	the	top	entry	to	\(1\)	using	division	by	\(-4\text{,}\)	that	is,	\(R_1\gets	-\frac14R_1\text{.}\)
We	then	get	\begin{equation*}	\begin{bmatrix}	1	\amp	-\frac34	\amp	0	\amp	-\frac12	\end{bmatrix}.	\end{equation*}	and,	putting	it	back	into	the	original	matrix,	we	get	\begin{equation*}	\begin{bmatrix}	1	\amp	-\frac23	\amp	-\frac13	\amp	\frac13	\amp	\frac13	\\	0	\amp	1	\amp	-\frac34	\amp	0	\amp	-\frac12	\end{bmatrix}	\end{equation*}	The
matrix	is	in	row	echelon	form.	Now	we	can	determine	all	of	the	solutions	to	the	original	system	of	linear	equations.	The	first	nonzero	entry	in	the	first	row	is	in	the	first	column,	the	column	associated	with	\(x_1\text{.}\)	The	first	nonzero	entry	in	the	second	row,	similarly,	is	associated	with	\(x_2\text{.}\)	We	assign	parameters	to	the	other	variables:	\
(x_3=s\)	and	\(x_4=t\text{.}\)	The	second	row	then	tells	us	that	\(x_2-\frac34s	=-\frac12	\text{,}\)	or	\(x_2=\frac34s-\frac12\text{.}\)	Now	that	we	know	\(x_2\text{,}\)	we	can	use	the	first	row	to	find	\(x_1\text{:}\)	we	get	\(x_1-\frac23x_2-\frac13s+\frac13t=\frac13\text{.}\)	We	substitute	in	our	known	value	for	\(x_2\)	into	this	equation,	and	after	some
simplification,	we	get	\(x_1=\tfrac56s-\tfrac13t\text{.}\)	In	summary,	we	have:	All	solutions	to	\begin{equation*}	\begin{array}{r}	3x_1-2x_2-x_3+x_4=1\\	6x_1-8x_2+x_3+2x_4=4	\end{array}	\end{equation*}	are	of	the	form	\begin{equation*}	\begin{array}{rcl}	x_1\amp	=\amp	\tfrac56s-\tfrac13t\\	x_2\amp	=\amp	-\tfrac12	+\tfrac34	s\\	x_3\amp
=\amp	s\\	x_4\amp	=\amp	t	\end{array}	\end{equation*}	where	\(s\)	and	\(t\)	are	any	real	numbers.	More	compactly,	we	write	this	as	\((x_1,x_2,x_3,x_4)=	\tfrac56s-\tfrac13t,-\tfrac12	+\tfrac34	s,s,t)\text{.}\)	In	other	words,	for	any	assignment	of	real	numbers	to	\(s\)	and	\(t\text{,}\)	we	get	a	solution	to	the	system	of	linear	equations.	It	is	easy	(and
worthwhile)	to	check	that	substituting	\(x_1,\dots,x_4\)	into	the	two	equations	does	indeed	give	a	solution.	Now	consider	another	example	with	the	equations	\begin{alignat*}{3}	x_1	\amp	{}+2x_2	\amp{}-2x_3	\amp{}=	\amp{}-1\\	3x_1	\amp	{}-	2x_2	\amp{}-4x_3	\amp{}=	\amp{}3\\	4x_1	\amp	\amp{}-2x_3	\amp{}=	\amp{}-2\\	-x_1	\amp	{}-x_2
\amp{}+2x_3	\amp{}=	\amp{}0	\end{alignat*}	and	its	corresponding	augmented	matrix	as	it	is	changed	by	Gaussian	elimination:	\begin{equation*}	\begin{bmatrix}	1\amp	2\amp	-2\amp	-1	\\	3\amp	-2\amp	-4\amp	3\\	4\amp	0\amp	-2\amp	-2\\	-1\amp	-1\amp	2\amp	0	\end{bmatrix}	\begin{array}{c}	\\R_2	\leftarrow	R_2-3R_1\\	R_3\gets	R_3-4R_1\\
R_4\gets	R_4+R_1	\end{array}	\end{equation*}	\begin{equation*}	\begin{bmatrix}	1\amp	2\amp	-2\amp	-1	\\	0\amp	-8\amp	2\amp	6\\	0\amp	-8\amp	6\amp	2\\	0\amp	1\amp	0\amp	-1	\end{bmatrix}	\begin{array}{c}	R_2\gets-\frac18	R_2\\	R_3\gets	R_3+8R_2\\R_4\gets	R_4-R_2	\end{array}	\end{equation*}	\begin{equation*}	\begin{bmatrix}	1\amp
2\amp	-2\amp	-1	\\	0\amp	1\amp	-\frac14\amp	-\frac34\\	0\amp	0\amp	4\amp	-4\\	0\amp	0\amp	\tfrac14	\amp	-\tfrac14	\end{bmatrix}	\begin{array}{c}	R_3	\gets	\frac14	R_3\\R_4\gets	R_4-\frac14	R_3	\end{array}	\end{equation*}	\begin{equation*}	\begin{bmatrix}	1\amp	2\amp	-2\amp	-1	\\	0\amp	1\amp	-\frac14\amp	-\frac34\\	0\amp	0\amp	1\amp	-1\\
0\amp	0\amp	0\amp	0	\end{bmatrix}	\end{equation*}	The	last	row,	for	any	choice	of	\(x_1,	x_2,	x_3\text{,}\)	reduces	to	\(0=0,\)	so	any	solution	of	the	associated	first	three	equations	will	also	be	a	solution	to	the	last	one.	In	other	words,	the	last	row	of	the	matrix	has	no	effect	on	the	solution	set	and	may	be	dropped	from	the	matrix.	The	third	row	gives
\(x_3=-1.\)	The	second	row	gives	\(x_2=-1\)	and	the	first	row	gives	\(x_1=-1.\)	Hence	there	is	one	solution:	\((x_1,x_2,x_3)=(-1,-1,-1).\)	Now	change	the	equations	from	the	last	example	very	slightly	(the	right-hand	side	of	the	last	equation	is	changed	from	\(0\)	to	\(1\)):	\begin{alignat*}{3}	x_1	\amp	{}+2x_2	\amp{}-2x_3	\amp{}=	\amp{}-1\\	3x_1	\amp
{}-	2x_2	\amp{}-4x_3	\amp{}=	\amp{}3\\	4x_1	\amp	\amp{}-2x_3	\amp{}=	\amp{}-2\\	-x_1	\amp	{}-x_2	\amp{}+2x_3	\amp{}=	\amp{}1	\end{alignat*}	The	Gaussian	elimination	is	almost	identical	as	\begin{equation*}	\begin{bmatrix}	1\amp	2\amp	-2\amp	-1	\\	3\amp	-2\amp	-4\amp	3\\	4\amp	0\amp	-2\amp	-2\\	-1\amp	-1\amp	2\amp	1	\end{bmatrix}
\end{equation*}	is	reduced	to	\begin{equation*}	\begin{bmatrix}	1\amp	2\amp	-2\amp	-1	\\	0\amp	1\amp	-\frac14\amp	-\frac34\\	0\amp	0\amp	1\amp	-1\\	0\amp	0\amp	0\amp	1	\end{bmatrix}	\end{equation*}	Now	the	last	row	says	\(0x_1+0x_2+0x_3=1\text{,}\)	which,	for	any	choice	of	\(x_1\text{,}\)	\(x_2\)	and	\(x_3\text{,}\)	reduces	to	\(0=1\)	and	is
never	true.	This	means	the	original	system	of	equations	have	no	solutions,	that	is,	the	system	is	inconsistent.	We	can	make	a	useful	observation	here:	If	a	row	of	the	augmented	matrix	is	of	the	form	\begin{equation*}	\begin{bmatrix}	0	\amp	0	\amp	0	\amp	\cdots	\amp	0	\amp	*	\end{bmatrix}	\end{equation*}	where	\(*\)	is	either	zero	or	nonzero,	then
one	of	two	things	happens:	\(*=0\)	in	which	case	the	row	may	be	dropped	from	the	matrix	\(*ot=0\)	in	which	case	there	is	no	solution.	Consider	the	system	of	linear	equations:	\begin{equation*}	\begin{array}{rcl}	x+y+z\amp	=\amp	1\\	2x+y+z	\amp	=\amp	2\\	3x+ay+bz\amp	=\amp	c	\end{array}	\end{equation*}	We	wish	to	know	the	values	of	\(a,\)	\
(b\)	and	\(c\)	for	which	there	are	there	no	solutions,	one	solution	or	more	than	one	solution.	To	solve	this	problem,	we	apply	Gaussian	elimination	to	the	augmented	matrix:	\begin{equation*}	\begin{bmatrix}	1\amp	1\amp	1\amp	1\\	2\amp	1\amp	1\amp	2\\	3\amp	a\amp	b\amp	c	\end{bmatrix}	\begin{matrix}R_2\gets	R_2-2R_1\\	R_3\gets	R_3-3
R_1\end{matrix}	\end{equation*}	\begin{equation*}	\begin{bmatrix}	1\amp	1\amp	1\amp	1\\0\amp	-1\amp	-1\amp	0\\0\amp	a-3\amp	b-3\amp	c-3	\end{bmatrix}	\begin{matrix}R_2\gets	-R_2\\R_3\gets	R_3-(a-3)R_2\end{matrix}	\end{equation*}	\begin{equation*}	\begin{bmatrix}	1\amp	1\amp	1\amp	1\\0\amp	1\amp	1\amp	0\\0\amp	0\amp	b-a\amp	c-3
\end{bmatrix}	\end{equation*}	An	analysis	of	the	last	row	tells	us	everything:	If	\(b-aot=0,\)	then	there	is	exactly	one	solution.	If	\(b-a=0,\)	and	\(c-3ot=0,\)	then	there	are	no	solutions.	Otherwise	(when	\(b=a\)	and	\(c=3\))	there	are	an	infinite	number	of	solutions.	Find	all	solutions	to	the	system	of	equations	\begin{align*}	x+2y-z	\amp=2\\	x+y-
z\amp=0\\	2x-y+z\amp=3	\end{align*}	Solution	We	put	the	augmented	matrix	into	row	echelon	form:	\begin{equation*}	\begin{bmatrix}	1	\amp	2	\amp	-1	\amp	2\\	1	\amp	1	\amp	-1	\amp	0\\	2	\amp	-1	\amp	1	\amp	3\\	\end{bmatrix}	\\	\begin{array}{l}	R_2\gets	R_2	-	R_1\\	R_3\gets	R_3-2R_1	\end{array}	\\	\begin{bmatrix}	1	\amp	2	\amp	-1	\amp	2\\	0
\amp	-1	\amp	0	\amp	-2\\	0	\amp	-5	\amp	3	\amp	-1\\	\end{bmatrix}	\\	\begin{array}{l}	R_2\gets	-R_2\\	\end{array}	\\	\begin{bmatrix}	1	\amp	2	\amp	-1	\amp	2\\	0	\amp	1	\amp	0	\amp	2\\	0	\amp	-5	\amp	3	\amp	-1\\	\end{bmatrix}	\\	R_3\gets	R_3+5R_2	\\	\begin{bmatrix}	1	\amp	2	\amp	-1	\amp	2\\	0	\amp	1	\amp	0	\amp	2\\	0	\amp	0	\amp	3	\amp	9\\
\end{bmatrix}	\\	R_3\gets	\frac13	R_3	\\	\begin{bmatrix}	1	\amp	2	\amp	-1	\amp	2\\	0	\amp	1	\amp	0	\amp	2\\	0	\amp	0	\amp	1	\amp	3\\	\end{bmatrix}	\end{equation*}	The	last	row	gives	\(z=3\text{.}\)	The	second	row	gives	\(y=2\text{.}\)	The	first	row	gives	\(x=2-2y+z=2-4+3=1\text{,}\)	and	so	there	is	a	unique	solution	\((x,y,z)=(1,2,3)\text{.}\)
Gaussian	elimination	is	probably	the	best	method	for	solving	systems	of	equations	if	you	don't	have	a	graphing	calculator	or	computer	program	to	help	you.The	goals	of	Gaussian	elimination	are	to	make	the	upper-left	corner	element	a	1,	use	elementary	row	operations	to	get	0s	in	all	positions	underneath	that	first	1,	get	1s	for	leading	coefficients	in
every	row	diagonally	from	the	upper-left	to	the	lower-right	corner,	and	get	0s	beneath	all	leading	coefficients.	Basically,	you	eliminate	all	variables	in	the	last	row	except	for	one,	all	variables	except	for	two	in	the	equation	above	that	one,	and	so	on	and	so	forth	to	the	top	equation,	which	has	all	the	variables.	Then	you	can	use	back	substitution	to	solve
for	one	variable	at	a	time	by	plugging	the	values	you	know	into	the	equations	from	the	bottom	up.You	accomplish	this	elimination	by	eliminating	the	x	(or	whatever	variable	comes	first)	in	all	equations	except	for	the	first	one.	Then	eliminate	the	second	variable	in	all	equations	except	for	the	first	two.	This	process	continues,	eliminating	one	more
variable	per	line,	until	only	one	variable	is	left	in	the	last	line.	Then	solve	for	that	variable.You	can	perform	three	operations	on	matrices	in	order	to	eliminate	variables	in	a	system	of	linear	equations:	You	can	multiply	any	row	by	a	constant	(other	than	zero).	multiplies	row	three	by	–2	to	give	you	a	new	row	three.	You	can	switch	any	two	rows.	swaps
rows	one	and	two.	You	can	add	two	rows	together.	adds	rows	one	and	two	and	writes	it	in	row	two.	You	can	even	perform	more	than	one	operation.	You	can	multiply	a	row	by	a	constant	and	then	add	it	to	another	row	to	change	that	row.	For	example,	you	can	multiply	row	one	by	3	and	then	add	that	to	row	two	to	create	a	new	row	two:Consider	the
following	augmented	matrix:Now	take	a	look	at	the	goals	of	Gaussian	elimination	in	order	to	complete	the	following	steps	to	solve	this	matrix:	Complete	the	first	goal:	to	get	1	in	the	upper-left	corner.	You	already	have	it!	Complete	the	second	goal:	to	get	0s	underneath	the	1	in	the	first	column.	You	need	to	use	the	combo	of	two	matrix	operations
together	here.	Here's	what	you	should	ask:	"What	do	I	need	to	add	to	row	two	to	make	a	2	become	a	0?"	The	answer	is	–2.	This	step	can	be	achieved	by	multiplying	the	first	row	by	–2	and	adding	the	resulting	row	to	the	second	row.	In	other	words,	you	perform	the	operation	which	produces	this	new	row:	(–2	–4	–6	:	14)	+	(2	–3	–5	:	9)	=	(0	–7	–11:	23)
You	now	have	this	matrix:	In	the	third	row,	get	a	0	under	the	1.	To	do	this	step,	you	need	the	operation	With	this	calculation,	you	should	now	have	the	following	matrix:	Get	a	1	in	the	second	row,	second	column.	To	do	this	step,	you	need	to	multiply	by	a	constant;	in	other	words,	multiply	row	two	by	the	appropriate	reciprocal:	This	calculation	produces
a	new	second	row:	Get	a	0	under	the	1	you	created	in	row	two.	Back	to	the	good	old	combo	operation	for	the	third	row:	Here's	yet	another	version	of	the	matrix:	Get	another	1,	this	time	in	the	third	row,	third	column.	Multiply	the	third	row	by	the	reciprocal	of	the	coefficient	to	get	a	1:	You've	completed	the	main	diagonal	after	doing	the	math:	You	now
have	a	matrix	in	row	echelon	form,	which	gives	you	the	solutions	when	you	use	back	substitution	(the	last	row	implies	that	0x	+	0y	+	1z	=	4,	or	z	=	–4).	However,	if	you	want	to	know	how	to	get	this	matrix	into	reduced	row	echelon	form	to	find	the	solutions,	follow	these	steps:	Get	a	0	in	row	two,	column	three.	Multiplying	row	three	by	the	constant	–
11/7	and	then	adding	rows	two	and	three	gives	you	the	following	matrix:	Get	a	0	in	row	one,	column	three.	The	operation	gives	you	the	following	matrix:	Get	a	0	in	row	one,	column	two.	Finally,	the	operation	gives	you	this	matrix:	This	matrix,	in	reduced	row	echelon	form,	is	actually	the	solution	to	the	system:	x	=	–1,	y	=	3,	and	z	=	–4.	The	Gaussian
Elimination	Method	is	a	widely	used	technique	for	solving	systems	of	linear	equations.	A	system	of	linear	equations	involves	multiple	equations	with	unknown	variables.	The	goal	of	solving	such	a	system	is	to	find	the	values	of	these	unknowns	that	satisfy	all	the	given	equations	simultaneously.Gaussian	Elimination	is	a	powerful	method	used	in	real-life
applications,	such	as	traffic	flow	analysis.	It	helps	solve	systems	of	linear	equations	that	represent	traffic	movement	at	intersections,	optimizing	the	flow	of	traffic	and	reducing	congestion.In	LU	decomposition,	Gaussian	elimination	is	used	to	convert	the	matrix	A	into	an	upper	triangular	matrix	(U).	Categories	of	Linear	Equation	Systems:Consistent
Independent	System:	Has	exactly	one	solution.Consistent	Dependent	System:	Has	infinite	solutions.Inconsistent	System:	Has	no	solution.Gaussian	Elimination	MethodGaussian	elimination	is	a	row	reduction	algorithm	for	solving	linear	systems.	It	involves	a	series	of	operations	on	the	augmented	matrix	(which	includes	both	coefficients	and	constants)
to	simplify	it	into	a	row	echelon	form	or	reduced	row	echelon	form.	This	method	can	also	help	in	determining	the	rank,	determinant,	and	inverse	of	matrices.Gaussian	elimination	is	a	method	for	solving	systems	of	equations	in	matrix	form.	Let's	for	example	we	have	system	of	linear
equations:a_1x+b_1y+c_1z=d_1a_2x+b_2y+c_2z=d_2a_3x+b_3y+c_3z=d_3Matrix	form	of	this	system	of	linear	eqations:	\begin{bmatrix}a_1	&	b_1	&	c_1	&	|&d_1	\\a_2	&	b_2	&	c_2	&	|&d_2	\\a_3	&	b_3	&	c_3	&|	&d_3\end{bmatrix}Goal:	Turn	matrix	into	row-echelon	form	like,	\begin{bmatrix}0	&	a	&	b	&	|&d	\\0	&	1	&	c	&	|&e	\\0	&	0	&	1	&|
&f\end{bmatrix}	.	Once	in	this	form,	we	can	say	that	b	=	c	and	use	back	substitution	to	solve	for	y	and	x.Elementary	Row	OperationsInterchanging	Rows:	Swap	two	rows.Multiplying	a	Row	by	a	Scalar:	Multiply	all	elements	of	a	row	by	a	non-zero	number.Adding	a	Scalar	Multiple	of	One	Row	to	Another:	Add	or	subtract	a	multiple	of	one	row	to/from
another.These	operations	simplify	solving	systems	of	linear	equations	without	changing	the	solution	set.	Follow	these	steps:	1)	Get	a	1	in	the	first	column,	first	row	2)	Use	the	1	to	get	0’s	in	the	remainder	of	the	first	column	3)	Get	a	1	in	the	second	column,	second	row	4)	Use	the	1	to	get	0’s	in	the	remainder	of	the	second	column	5)	Get	a	1	in	the	third
column,	third	row.The	resulting	matrix	is	in	row	echelon	form.	A	matrix	is	in	reduced	row-echelon	form	if	all	leading	coefficients	are	1,	and	the	columns	containing	these	leading	coefficients	have	zeros	elsewhere.	This	final	form	is	unique,	regardless	of	the	sequence	of	row	operations	used.	An	example	below	illustrates	this	concept.ExampleTo	solve	the
system	of	equations:Step	1:	Write	the	Coefficient	MatrixThe	coefficients	of	the	unknowns	(x	and	y)	are	written	as	a	matrix:\begin{bmatrix}	1	&	1	\\	3	&	-2	\end{bmatrix}Step	2:	Write	the	Augmented	MatrixInclude	the	constants	from	the	right-hand	sides	of	the	equations	as	an	additional	column:\begin{bmatrix}	1	&	1	&	|&3	\\	3	&	-2	&	|&4
\end{bmatrix}Step	3:	Perform	Row	OperationsThe	goal	is	to	simplify	the	augmented	matrix	to	solve	for	x	and	y.Subtract	3	\times	r_1	from	r_2	(to	eliminate	the	x-term	in	the	second	row):	r_2→r_2−3r_1Calculation:\begin{bmatrix}	1	&	1	&	3	\\	3	&	-2	&	4	\end{bmatrix}	\to	\begin{bmatrix}	1	&	1	&	3	\\	0	&	-5	&	-5	\end{bmatrix}Simplify	the	second
row:Divide	r_2​	by	−5	to	solve	for	y:	\to	\frac{r_2}{-5}Result:	\begin{bmatrix}	1	&	1	&	3	\\	0	&	1	&	1	\end{bmatrix}Step	4:	Back-SubstituteUse	the	second	row	(y=1)	to	substitute	into	the	first	row	(x	+	y	=	3):	x	+	1	=	3  ⟹  x=	2SolutionThe	solution	to	the	system	is:	(x,	y	)=(2,	1)Algorithm	for	Gaussian	EliminationPartial	Pivoting:	Select	the	pivot
element	with	the	largest	absolute	value	from	the	column.	Swap	rows	to	move	this	element	into	the	pivot	position.	This	improves	numerical	stability	by	reducing	rounding	errors.Elimination:	For	each	row	below	the	pivot,	subtract	a	multiple	of	the	pivot	row	to	eliminate	the	entries	below	the	pivot.Repeat	for	each	column	and	row.Back	Substitution:
After	obtaining	the	row	echelon	form,	back-substitute	to	find	the	values	of	the	unknowns.Below	is	the	implementation	of	the	above	algorithm.			C++	//	C++	program	to	demonstrate	working	of	Gaussian	Elimination	//	method	#include	using	namespace	std;	#define	N	3	//	Number	of	unknowns	//	function	to	reduce	matrix	to	r.e.f.	Returns	a	value	to	//
indicate	whether	matrix	is	singular	or	not	int	forwardElim(double	mat[N][N+1]);	//	function	to	calculate	the	values	of	the	unknowns	void	backSub(double	mat[N][N+1]);	//	function	to	get	matrix	content	void	gaussianElimination(double	mat[N][N+1])	{	/*	reduction	into	r.e.f.	*/	int	singular_flag	=	forwardElim(mat);	/*	if	matrix	is	singular	*/	if
(singular_flag	!=	-1)	{	printf("Singular	Matrix.");	/*	if	the	RHS	of	equation	corresponding	to	zero	row	is	0,	*	system	has	infinitely	many	solutions,	else	inconsistent*/	if	(mat[singular_flag][N])	printf("Inconsistent	System.");	else	printf("May	have	infinitely	many	"	"solutions.");	return;	}	/*	get	solution	to	system	and	print	it	using	backward	substitution	*/
backSub(mat);	}	//	function	for	elementary	operation	of	swapping	two	rows	void	swap_row(double	mat[N][N+1],	int	i,	int	j)	{	//printf("Swapped	rows	%d	and	%d",	i,	j);	for	(int	k=0;	k




